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1. Introduction

In this project, we design a Quadrature Mirror Filter (QMF) Bank with application to sub-band
image coding. Then we extend our result to four-band filter bank.

In section 2 we design a QMF filter bank with the choice of analysis filters

H,(2) = HO(_Z). We then find Ho(z), Hl(z), Fo(z), F1(2) s that our system satisfies
perfect reconstruction constraint. We will see simulation result and advantages and disadvantages
of such a system through simulation.

In section 3 we want Ho(2) to be alinear-phase FIR filter. We design our filters so we again
meet perfect reconstruction constraint. We will see properties of such afilter.

In section 4 we design a perfect reconstruction QMF bank with IR analysis and synthesis
filters. We simulate the system and see pros and cons of the design.

Now we test the results of previous sections and their applications on image sub-band coding.
In section 5 we extend the concept of 1-D filter banks to 2-D. We apply our filters to some
sample images and try to get as higher compression rate as possible by assigning less number of
bits to bands with less energy level. We devel op a performance eval uation measure so that we can
compare different filter banks.

Section 6 extends previous experiment to four-band filter bank. We develop our 2-D filter

banks so we can get better performance in sense of less number of bits per pixel along with
preserving image quality to a reasonable extent.

2. Two Channel Perfect Reconstruction Filter bank

A diagram for the analysis/synthesis system used for sub-band coding with two channelsis shown
inFigure2.1
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Figure 2.1 — Two-channel filter bank

The relation between input XN and output X[NI in z domain is defined as

X(2) = S[Ho(DFo() + Hy @F.DIX @) + S [Ho(-DFo (D) + H, (DR (21X (-2
2.2)
This can be written as
X(2) =T(DX(2) + ADX(-2) 2.2)

which T (2) isthe distortion transfer function and A(2) is the aliasing term.

To achieve perfect reconstruction, T(2) must be pure delay and A(2) must be canceled
completely. That is the filters must satisfy the following conditions:

L -
2["'o(Z)Fo(Z)+Hl(Z)Fl(Z)] kz 23)
1
E[Ho(_Z)Fo(Z) +H,(-2)FR(2)]=0 (2.4)

Solving the above equations for Fo(2) and Fi(2) we obtain

2kz™H, (-2)
H, (2H,(~2)~ Ho(-2)H,(2) 25)
—2kz ™H,(-2)
H,(2)H,(-2) ~ Hy (-2 H, () 26)

Fo(z) =

Fl(z) =

Thisisthe most general constraint that we have on our synthesis filters so that we can achieve
perfect reconstruction. Thiswill be used in later sections.

2.1 Quadrature Mirror Filter Bank



If we constrain Ho(2) and H1(2) to be mirror image of each other,

i.e Hi(2)=Hy(-2)

then we have
922 M
Ho(2)-Ho(-2) (2.7)
(- 22
Ho(2) -Ho(-2) (2.8)

So, if we design filter Ho(2) we are able to design other filters according to equations (2.7),
(2.8), and H1(2) =Ho(=2)  Thesefilterscanbe FIR or 1IR.

Also, we can put another constrain and consider only designing with FIR filters.
Consequently the two following conditions must be satisfied by Ho(2)

Ho(2) +Ho(-2) =z ™ (2.9
Ho(2) —Ho(-2) =,z (2.10)

where % and % arereal constants and Zoand Arare integers. Solving the eguations we result

Ho(2) = laoz"ﬂ" + iozlz’ﬂ1
2 2 (2.11)

Ho(-2) = anz‘ﬂo - lalz‘/’l
2 2 (2.12)

Having the above equations satisfied, we need that Bo be even and #: be odd integers so we
define them as

/30=2n0
pi=2n+1

Also we define

1
C0—2050
_1
01_20‘1

Thus the general form for quadratic mirror two channel FIR filterswill be



2m+1)

Ho(2) =,z ™ + ¢z (2.13)
H.(2) =,z *Y —cz ™ (2.14)

Clearly the filters are from order one so they cannot be good approximations for ideal low-
pass and high pass filters. The frequency response of the filters are shown in Figure 2.2 for

CO:CL:% and b=m=0

Figure 2.2 — Frequency response of Ho(2) and Hi(2) definedin
(2.13) and (2.14) for cy=c;=%2 and ng=n;=0

2.2. Simulation

We can test perfect reconstruction property of the system through simulation.
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Figure 2.3 - Simulation result of the perfect reconstruction filter bank shown in figure 2.2

A random input applied to the system of figure 2.1 with filters Ho(2) and Hi(2) isshown in
figure 2.2. The simulation result can be seen in figure 2.2. As depicted in figure, the two plots of

X(M) and X(N) are identical (except one step delay) which shows the system is perfect
reconstruction.

2.3. Discussion

Making assumption of H,(2) =Ho(=2) infilter design has advantages and disadvantages. Aswe
can seein 2.7 and 2.8, synthesis filters Fo(2) and Fi(2) and analysisfilter H1(2) all can be

designed easily when Ho(2) is designed. So this makes designing process fast and easy.
Meanwhile we face some quality degradation using such a system.

If we use FIR filters, having system perfect reconstruction makes degree of freedom in
designing thefilterslow (2.13 and 2.14) and such a system does not have good quality and we
cannot achieve sharp cut-off. Thus frequency bands cannot be separated very well.

If we use IR filters, we may face stability problemson Fo(2) and Fi(2) . Hence, finding
stable filtersis so hard and such design is not trivial. We will see more on section 4.



3. Linear-phase FIR filter Design

In this section we are about to design Ho(2) and H.(2) as alinear-phase FIR filter. Asshownin

previous section, having the assumption H1(2) = Ho(=2) we can design a perfect reconstruction
system, but such a system does not have acceptable response in stop and pass bands, and as a
result we do not get good quality and performance. So, to achieve better performance we need to

relax the condition Hi(2=Ho(-2) s we can design Ho(2) andg H.(2) separately yet
preserving perfect reconstruction condition. As you will see in the following subsection,
designing such afilter is not easy but will give us a realy better performance than the order one
filter we cameto in previous section.

3.1. Designing a High Quality FIR Perfect Reconstruction Filter Bank

If we relax the condition H1(2) =Ho(=2) it is possible to design Ho(2) and Hi(2) with sharp
cut-off band. The cost we must pay for such filters is the complexity in design and
implementation of high order filters. Here we will introduce a two-step procedure to design a
perfect reconstruction two-channel filter bank. In the first step we obtain the impulse response of

H.(2) to satisfy the requirements of cut-off frequency and transition band. In the second step we

will findHo(2) both have acceptable frequency response and satisfy the condition of perfect
reconstruction

3.1.1. Designing H1(2)
We assume that H1(2) isalinear FIR filter from an even order i.e.

hin]=h[N,-n] O0<n<N, (3.1)

where N1 isany even integer. The Z-transform of hn] will be

H,(2) =Y hinlz”

(3.2
We can show that the Fourier transform of Nl can be written as
_ NN Ny/2-1
H(e”)=e 2" | h[2]+2 Y h[n]cos(N,/2-1w
27 = (3.3)

Let us define 9« as



ng{ hl[Nl/z] k=0

2h[N,/2-k] k=12,..,N,/2 (3.4)
then we have
. _]mw Nl/z
H,(e”)=e 2 > g, cos(ke)
k=0 (3.5
Also we define
N
gz[go 9 - ng:' (3.6)
C(w)=[1 cosw .. COS(Mla))]T (37)
where M, = N,/2 . Based on the above definitions we can write
H.(")|=c (0)g 39)

According to figure 3.1 we denote by “s and “r:, the stop and pass bands of H.(2).

1
Fidl
s Op

Figure 3.1 - Stop and pass bands in a high pass filter

(")

Thetotal power of error (deviation of ‘H from ided filter) in stop and pass bands are

[

E, = [[Hy(e")[d
> 6‘- ("] do (3.9)
E, - ”j(\Hl(ei”’) ~|H, (&™) )zda)

o (3.10)

Considering (3.8), one can show that E and = can be written in the following form



E, =g'Pg (3.11)
Ep1 = gTng (3.12)

where P and Q1 are defined as

P = [a(o)d] (@)o

(3.13)
Q= [(C(0)-c(m))(c(@)-c(r) do
On (3.13)
Now we define the cost function of our optimization problem as a linear combination of E
and E,
Defining R as
Ry =aP +(1-a)Q, (3.15)
We can write the cost function as
J=g'Rg (3.16)

Our goal in this problem is to obtain 9 such that J be minimized and also the frequency
response of the filter be equal to 1 at @ =7 . The solution to this problemis

g=—
¢ (T)Vin (3.17)

where Vm isthe eigenvector of R, corresponding to smallest eigen-value.

Note that o isafactor, which specify the relative importance of the error in stop and pass bands.

By proper choice of the parameters o % and “» we can obtain the best performance of the
filter H1(2) |

3.1.2. Designing Ho(2)



The design of Ho(2) is more difficult than H1(2) . In this case not only we must design Ho(2)
for acceptable frequency response, but we must meet the perfect reconstruction requirements.

Again we assume that Ho(2) islinear phase with even order No . Let
hy[n]=h[N,—n] 0<n<N, (3.18)
and assume that

Ny =N, +4L -2 (3.19)

We will see that L isthe number of free parameters we can use for shaping the frequency
response of Ho(2) . The remaining degrees of freedom (N:/2+LY will be used to satisfy the
perfect reconstruction requirements. The poly-phase components of Ho(2) and Hi(2) can be
written as

N,/2+2L-1

= 2k]z*

En(2= 3, h2Kz 520
N;/2+2L-2

(2)= 2k +1z°*

En(d= 2, hl2k+1z -
N, /2

(2= 2Kz *

Eo(?) = 2, hi2K2 -
N, /2-1

(2= 2k +1]z°*

E.(2) ;hl[ +1z 323

And the poly-phase matrix will be

E(Z):[Eoo(z) Em(z)}

Eo(2) Eu(2 (3.24)

We define F(2) asthe determinant of E(2) and we know that F(2) isfrom order Ni +2L -2

N;+2L-2

F(2)0 det(E(2) = En(DE4() - Ex(DE (D= Y. f[KIZ*

k=0 (3.25)
Let us define vectors f and No as
hy =[h[0] h[] ... RN, +4L-2]] (3.27)

Also we definethe (N; +2L =D x (N, +4L-1) mgrix Hi1 asfollows



[ h[y ~h[0] 0 0 0 .. 0 00 .. 0 ]
h[3] -h[2] h[1 ~h[0] 0 .. 0 00 .. 0
H;=| hIN, -1 -h[N, -2] hi] -h[o] .. 0 00 .. 0
0 -h[NJ] h[N -1 -h[N. -2] .. h[ -h[0] 00 .. 0

L o 0 0 0 0 .. 0 00-h[N]h[N, -1

(3.28)

Note that the vector M was already computed so the matrix H1 is completely known. Based
on definition of f , No, and H1 we know

f=H,h, (3.29)

Because [N and NN are both linear phaseit is easy to show f[N isalso linear phasei.e.

fln]= f[N,+2L-2-n] 0<n<N,+2L-2 (3.30)
Thus the knowledge of f isequivalent to knowledge of

f=[flo] fl4 .. f[N/2+L-1] (3.31)
Defining the (N./2+L)x (N, +2L—1) magrix F as

ﬁz['wm O(N1/2+L)x(N1/z+L—1)] (3.32)
we see

f =FH,h, (3.33)

Note that the components of f are symmetric with respect to fINi/2+L -1 gso for

perfect reconstruction just one component of f is nonzero. Thus the only way that the perfect
reconstruction can hold is that

[ = 0 n#N,/2+L-1
~|d n=Ny/2+L-1 (3.34)

where d isan arbitrary constant. The above condition is equivalent to

f=de (3.35)



where € isa (Ni/2+L)x1 yector defined as
T
Thus the perfect reconstruction condition can be cast in the form

(IEHl)ho =de (3.37)

Based on (3.33) and (3.35) we define the vector 1 as

r=rn n o fl (3.38)
where

I’—{ h;)[No/Z] k=0

“|2n[Ny/2-K] k=12..,N,/2 (3.39)

We also define the (No + D% (No/2+2) matrix S as

[0 o o .. Y2
o 0o 12 -« o
o Y2 o 0
S=|1 o o 0
o Y2 o 0
o o Y2 .. o
lo o o o 2] (3.40)
Clearly
h, =Sr (3.41)

Plugging the above equation in 3.37 we can write the perfect reconstruction condition in the
following way

FH,Sr =de (3.42)
Defining H as

H=FHS (3.43)



we can write (3.42) as

|:| g = de (344)

Now we focus on using the remaining degrees of freedom for shaping the frequency response of

Ho(2) asalow-passfilter. By Co(®) defined as

Co(w)z[l CoS® ... COS(N%CU)}T (3.45)

the frequency response of Ho(2) iswritten as

[Ho (€)=} (@)r

(3.46)

Consider the frequency response of alow passfilter

Wy, Wy,

Figure 3.2 — Stop and pass bands for alow passfilter

Based on “s and “m shown in this figure, we define the power of error is pass band an stop

band as
T 2
E, = ”Ho(e'“) do
Dy (347)
(Upo ) ) 2
E, = | ([Ho(e€)]~|Ho(e”)]) dao
5 (3.48)
Like the last section we can see
_ T
B, =r Ry (3.49)

_ T
By =1 Qof (3.50)



where

P, = [ o) (@)do

e (351)
Qo= w;f (Co(@) = 5(0))(Co (@) — 4 (0)) " dw 652
We define the matrix Ro asalinear combination of Po and Qo that is
Ry = B8P, +(1-5)Q, (3.53)

Werecal that # isa parameter to trade-off between the error of pass band and the stop band.

The cost function we will usein thiscaseis
J=r" R,r (3.54)
and our goal isto minimize this cost function subject to the constrain (3.44) that is

min  r'R,r

r

st. H,r=de (3.55)
Using the method of Lagrange multipliers the solution of this optimization problem will be
r=dRyHI(H,RJH] )*e (3.56)

Also we determine d such that

i0y|
Ho(e")] =1 (357)
which results
4 1
Co (ORgHI(H,RyH] )'e (3.58)
Finally we obtain Mo using (3.41)
__SRyHI(H,RgHI)e
° G (ORyHI(H,RIA] )'e (3.59)

Having Ho(2) and H1(2) determined, we obtain Fo(2) and Fi(2) asfollows



R()=7"E (@)= z" {EMZ) —Em(z)}

dz ™2 | _Ei(2)  Ey(2) (3.60)
where M isany positive integer. With ™ = N1/2+L =1 we obtain
Fo(@) = 5[ ~Eo(2) + 2°Eu()]
(3.61)
F.(2) 2%[500(22) - 7'Ey(2) ] (3.62)
and the distortion function will be
T(2) =z M2 (3.63)

Based on MATLAB am-file is generated to perform al the computations. The source of this
fileisincluded at the end of the report. Using this computer program for the following values we

obtained HO(Z), Hl(z), Fo(z), and Fl(z)_

N, =30
L=6

a =095

S =09

o, =97/20
o, =117/20
o :377/5
o, = 271'/5

The resultant impul se responses are given at the end of the report. Also the frequency response of
thefiltersareillustrated in figure 3.3
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Figure 3.3 — Frequency response of FIR filters

3.2. Discussion

In the last subsection we presented a procedure to design perfect reconstruction two-
channél filter bank. This method can always be used for designing the filter banks. Also
asit can be seen in figure 3.3 the frequency response of filters approximate the ideal case
well, the frequency response in pass band is amost flat and in stop band the filters have
more than 40 dB attenuation. The disadvantage of this method is that their order is

relatively high that is N. =30 and N, =52,

4. 1R filter Design

In this section we discuss the possible application of 1R filters in filter banks, assuming that the
condition Hi1(2)=Ho(=2) holds. The main difficulty of this approach is that although stable
Ho(2) and Hi(2) can be easily designed, it is possible that Fo(2) and Fi(2) obtained by (2.7)
and (2.8) be unstable. One method to overcome the difficulty is to design Ho(2) containi ng one
or more parameters and then try to find the parameter(s) such that Fo(2) and Fi(2) be stable. In
the remaining of this section we will show the method for a second order 1IR Ho(2).



One method for designing a digital filter is to first design an analog counterpart, then using
bilinear transform to obtain the discrete version of that analog filter. The bilinear transform
defined by

1-z+*
1+z* (4.)

S=a

has the advantage that it maps the inside of unit circle to the left half of s-plan. This property
guarantees that under the bilinear transformation, a stable analog filter results a stable digital
filter.

We use the Butterworth analog filters as the bases of our design. The transfer function for a
second order Butterworth filter is

1

Hal9)= $?+/2s+1 (4.2)

Appling the bilinear transform to the above analog filter results

H.(2) = 1+2z+2°
T (@2 +D) + 2(1-a?) 2 + (0 —2a +1) 2 (4.3)
Let usdefine
A2)=1+2z'+z? (4.4)
B(2) = (o +\2a +1) + 21— a?) 2t + (o =2 +1) 22 (45)

We obtain from (2.7) and (2.8)

2kz ™ A(2)B(2)B*(-2)

Fo(z) =

- A(2)B*(-2) - A*(-2)B*(2) (4.6)
F (=222 "AC)B(-2B(9)
BT A (2B (-2) - AX(-2)B%(2) (4.7)

The stability of filters depends on the location of roots of

D(2)=A*(2)B*(-2) - A (-2)B*(2) (4.8)

At this point we try to find a proper value for & such that all roots of D(2) pe located inside
the unit circle. Using a computer program we compute the roots of D(2) for different values of
o . Theresultant root locus is plotted in figure 4.1 Note that the pole at Z" =0 cannot be counted
as an unstable pole, because by proper choice of M we can cancel it.
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Figure 4.1 —Root locus of P(2)

Clearly for some values of @ (a <1), dl roots of D(2) are inside the unit circle and filters
are stable . On the other hand for « >1 the filters have to unstable poles.

For @ =0.9.  thetransfer functionsof Ho(2) and Hi(2) are

1+2z1+ 272
HO(Z) = 1
3.08+0.382 " +0.54 (4.9)
1-2z1+ 2772
Hl(z) = 1
3.08-0.38z " +0.54 (4.10)

The frequency response of Ho(2) and Hi(2) for @ =0.9. isillustrated in figure 4.2. Also to

make sure that the whole system is perfect reconstruction, the distortion function T(2) s shown
infigure 4.3.
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Figure 4.3 - Distortion function for IR filter bank



4.1. Discussion

In general with equal degrees, IIR filters can better approximate an ideal filter than FIR filters.

But as it is illustrated by figure 4.2, the frequency response of Ho(2) and Hi(2 are not
completely satisfactory. The reason is the low degree of them. Based of the method we discussed
here, it is not easy to design a high order IIR filter. In other word the method used here cannot be
easily extended to higher order filters. Again we recall that the main difficulty of using IR filters
in perfect reconstruction filter banks is the stability of synthesisfilters.

5. Two dimensional QM F and image coding

In this section we apply the filters designed in previous sections to a practical experiment. We are
to perform image coding by taking advantage of sub-band coding so that we can compress images
as much as possible. The idea is that usually most of the energy of images is located in lower
band frequencies. So if we separate the frequency bands, we are able to designate less number of
bits to higher frequency portion of the image. So, totally we receive less number of bits per pixel.

For applying designed 1-D filters to 2-D case, we need an extension. As depicted in figure
5.1, we can divide frequency bands in the two dimensions and perform coding of each band
separately (figure 5.1). We apply 1-D filters once on rows and next on columns of image.

L H
2-D Subband Coding LL LH |L
Image ———y
HL HH |H

Figure5.1 — Sub-band Coding of a2-D Image

In the following three subsections, we apply three filter banks designed in sections 2, 3 and 4
and see their performances. These filters will be extended to 4-band filter banks in section 6. All
simulations were done in Matlab.

5.1. FIR filter with Hy(2) = Ho(-2)

The filter designed in section 2 was applied to two sample benchmarks (lenna and baboon). Since
system is perfect reconstruction, the output of the system is absolutely identical to the origina
file. (figures 5.1 and 5.3)

The main characteristic of image files is that most of the energy is centralized in lower
frequency band. This can be seen from figures 5.2 and 5.4 where different frequency elements of
the signal were separated. Also, the energy level of each band is reported in Table 5.1. These all



show that we can easily reduce the number of designated bits to higher bands without losing
considerable energy. In fact these degradations cannot be detected easily by human’s eye. The
interesting issue is that this degradation of coding is negligible as compared to quantization error,
which is unavoidable.

Figure 5.1 — Left: Origina Image (lenna.tiff) scale by 40% , Right: Output of filter designed in section 2

Figure 5.2 — Sub-bands of Image shown in figure 5.1 using filter banks designed in section 2
(al but first one are gained by 10 to make them more visible)



Figure 5.3 — Left: Original Image (baboon.tiff) scale by 40% , Right: Output of filter designed in section 2

Figure 5.4 — Sub-bands of Image shown in figure 5.3 using filter banks designed in section 2
(al but first one are gained by 10 to make them more visible)



Lenna Baboon
99.5109% 0.2941% 98.0257% 0.5109%
0.1454% 0.0496% 1.1626% 0.3008%

Table 5.1- Energy percentage of different shlands divided by filter designed in section 2

5.2. FIR filter with no constraint

In next experiment the filter designed in section three was applied to same images and similar
results were received. It shows tkaice in these images, most of the energy (more than 98%) is
in first quarter of frequency spectrum, even if a very simple FIR filter is applied, we can achieve
very good performance and high compression result. (figures 5.5 to 5.8 and Table 5.2)



